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Abstract We propose and study an optimal control model for malaria infection
described by system of fractional differential equations. The model is formulated
in terms of the left and right Caputo fractional derivatives. We determine the
necessary conditions for the optimality of the controlled dynamical system. The
forward-backward sweep method with generalized euler scheme is applied to nu-
merically compute the solutions of the optimality system.
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1 Introduction
Mathematical modeling of malaria infection using differential equations with inte-
ger order and non-integer derivatives have been considered by many authors (see,
e.g, Pinto and Machado, 2013; Okyere et al., 2016; Ngonghala et al., 2012; Ross,
1911; Abdullahi et al., 2013; Keegan and Dushoff, 2013; Chitnis et al., 2006). A
comprehensive survey on malaria infection modeling has been captured in the work
by Mandal et al. (2011). Infectious diseases prevention and control strategies are
very important factors and if properly addressed can go a long way in reducing
disease infections in a population. Optimal control theory is one of the useful and
efficient modeling tools that can help in the modeling framework to better un-
derstand the dynamics of the disease and suggest possible prevention and control
measures. In recent times, malaria modeling formulation based on optimal con-
trol theory with time dependent controls has attracted much attention (see, e.g,
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Okosun et al., 2013; Otieno et al., 2016; Athithan and Ghosh, 2015; Augsto et al.,
2012; Mwanga et al., 2014; Silva and Torres, 2013; Okosun and Makinde, 2014,
2011).
The paper by Lashari and Zaman (2012) proposed and numerically analyzed an
optimal control model to investigate the effectiveness of time dependent controls
on vector-borne diseases. From the numerical results, they (Lashari and Zaman,
2012) observed that, optimal control strategies are effective in reducing the infected
populations. Lashari et al. (2012) proposed a time dependent multiple controls to
study malaria infection. The authors in (Blayneh et al., 2009) formulated a time
dependent treatment and prevention optimal control model to study vector-borne
diseases. Okosun and Makinde (2013) presented a controlled dynamical malaria
model based on non-linear incidence. Kim et al. (2013) developed a dynamic con-
trol problem to study malaria transmission using two time dependent control func-
tions.
The Ebola infection that claimed many lives in Africa has also been considered
with optimal control theory (see, e.g, Rachah and Torres, 2016; Bonyah et al., 2016;
Grigorieva and Khailov, 2015). Compartmental models for infectious diseases such
as TB, HIV and Cholera with time dependent controls have been studied (see, e.g,
Moualeu et al., 2015; Magombedze et al., 2011; Bakhtiar, 2016; Choi et al., 2015).
Fractional order derivative has an important property called memory effect and
because of that, the theory and application of fractional calculus have widely been
used to model dynamical processes in the field of science, engineering and many
others (see, e.g, Petras, 2011; Podlubny, 1999). Agrawal (2004) developed general
optimal control problems that are driven by Riemann-Liouville fractional deriva-
tives. In another research by the same author (Agrawal, 2008a), he formulated
similar optimal control problems with Caputo derivatives and developed a stable
numerical scheme for the mathematical model.
Several researchers have developed and analyzed optimal control problems whereby
the controlled dynamic problems are characterised by Riemann-Liouville deriva-
tives (see, e.g, Frederico and Torres, 2008; Tricaud and Chen, 2010; Agrawal et al.,
2010; Agrawal and Baleanu, 2007). An enzyme kinetic optimal control problem was
proposed and numerically studied by Basir et al. (2015). The authors in (Ding
et al., 2012) studeid HIV-Immune System model using fractional optimal control.
They deduced the necessary conditions for the optimality system for a general
control problem with Caputo derivatives using the concept of calculus of variation
and fractional integration by parts formula. Necessary optimality conditions have
been derived for an optimal control problem whereby the state model had both
first order derivative and non-integer derivative (Pooseh et al., 2014).
It has been demonstrated in literature that optimal control problems are appro-
priate for biological systems and other processes that follow non-linear behavior.
Therefore modeling infectious diseases using fractional derivatives together with
optimal control theory is a huge advantage. Okyere et al. (2016) extended the
malaria infection model by Tumwiine et al. (2007a,b) to include fractional deriva-
tives. They (Okyere et al., 2016) investigated asymptotic analysis of the model
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equilibria and solved the dynamical problem with the numerical scheme devel-
oped by Diethelm et al. (2004, 2002). In this work, we propose a fractional optimal
control model for malaria infection and numerically simulate the solutions of the
constructed control problem. We extend the malaria epidemic model studied by
the authors in (Tumwiine et al., 2007a,b) to become an optimal control problem of
which the state and costate equations are characterised by differential equations
of fractional orders. Our model formulation is different from previous works on
malaria disease modeling since we have incorporated fractional order derivatives
into the controlled dynamical system.
The paper is organized as follows. Section 2 deals with brief review on the mathe-
matical formulation of fractional optimal control problem. We formulate the con-
trolled malaria model and deduce the necessary conditions for the optimality of
the model problem in section 3. Section 4 deals with numerical solutions and dis-
cussions of simulations results. We then conclude the paper in section 5.
2 Optimal Control Problem With Fractional Derivatives
This section deals with brief review on the mathematical formulation of fractional
optimal control model. We will then apply the modeling concept to formulate our
new malaria model in section 3. There are many types of fractional derivatives
but the most used ones in mathematical modeling and engineering applications
are Riemann-Liouville derivative and Caputo derivative (see, e.g, Petras, 2011;
Podlubny, 1999). For this work, we develop the optimization model with Caputo
fractional derivatives..
Definition 1 (Podlubny, 1999; Pooseh et al., 2014) The left Caputo fractional
derivative is defined as
c
aD
α
t w(t) =
1
Γ (p− α)
∫ t
a
w(p)(x)
(t− x)α+1−p dx.
for p− 1 < α < p.
Definition 2 (Podlubny, 1999; Pooseh et al., 2014) The right Caputo fractional
derivative is defined as
c
tD
α
b w(t) =
(−1)p
Γ (p− α)
∫ b
t
w(p)(x)
(x− t)α+1−p dx.
for p− 1 < α < p,
where α is the order of the Caputo derivatives.
4 E. Okyere, F. T. Oduro, S. K. Amponsah, I. K. Dontwi
In the works by Agrawal (2008a,b), he formulated an optimal control problem with
Caputo fractional derivatives as follows. Find an optimal control u that minimise
the objective functional or performance index:
J(u) =
∫ 1
0
W (x, u, t) dt. (1)
Subject to the fractional dynamic constraint
c
0D
α
t x(t) = M(x, u, t) (2)
with initial condition
x(0) = xo, (3)
where W (x, u, t) and M(x, u, t) are two arbitrary functions and x(t) is the state
variable (Agrawal, 2004, 2008a). By using the method of lagrange multipliers,
calculus of variation and the integration by parts formula for fractional order
derivatives and also following a similar derivation by the same author in (Agrawal,
2004), he obtained the necessary conditions or equations (4-6) for the fractional
order controlled problem as follows:
c
0D
α
t x(t) = M(x, u, t) (4)
c
tD
α
1 x(t) =
∂W
∂x
+ λ
∂M
∂x
(5)
∂W
∂u
+ λ
∂M
∂u
= 0 (6)
with 
x(0) = xo
λ(1) = 0,
(7)
where λ is the co-state variable called lagrange multiplier.
3 Controlled Malaria Model With Fractional Derivatives
In this section, we will use the obtained results in the optimal control problem
formulation briefly reviewed in section 2 to deduce our necessary conditions or
equations for the optimality of the optimal control malaria model. Our model
formulation seeks to find an optimal control that would minimise the infected hu-
man populations and the cost of implementing the optimal control and prevention
strategies. In this work, we consider three time dependent controls namely treated
bednets, treatment and insecticide spray.
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The main aim in our present formulation is to find optimal control U that minimise
the objective functional:
J(U) =
∫ b
0
W (X,U, t) dt. (8)
Subject to the fractional dynamic constraints
c
0D
α
t X(t) = M(X,U, t) (9)
with initial condition
X(0) = Xo (10)
where
X(t) = (SH , IH , RH , SV , IV )
T
X(0) = (SH(0), IH(0), RH(0), SV (0), IV (0))
T
U(t) = (u1, u1, u3)
T
W (X,U, t) = AIH +
d1u
2
1
2
+
d2u
2
2
2
+
d3u
2
3
2
M(X,U, t) =

λαhNH − (1−u1)a
αbSHIV
NH
+ ναIH + γ
αRH − µαhSH
(1−u1)aαbSHIV
NH
− ναIH − (rα + ραu2)IH − δαIH − µαhIH
(rα + ραu2)IH − (γα + µαh)RH
(1− u3)λαvNV − (1−u1)a
αcSV IH
NH
− µαvSV − ηαu3SV
(1−u1)aαcSV IH
NH
− µαv IV − ηαu3IV

(11)
The variable X(t) is the state vector and U is the control vector. As in Agrawal
(2004, 2008b), when α = 1, the formulated malaria controlled dynamical model
becomes classical optimal control problem for the uncontrolled malaria model pro-
posed and analyzed by Tumwiine et al. (2007a,b). Also note that, when α = 1,
with control functions u1 = u2 = u3 = 0, then the dynamic constraint equation (9)
with the initial condition (10) becomes the malaria infection model developed by
the authors in (Tumwiine et al., 2007a,b)
The meaning of the model variables and time dependent optimal control functions
are defined in table 1. The definitions for the model parameters can be found in
table 2
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Table 1 Description of model variables and control functions.
Model variables and control functions Description
SH Susceptible human class
IH Infected human class
RH partially immune human class
SV Susceptible mosquito class
IV Infected mosquito class
NH Total human population
NV Total mosquito population
u1 The control on the use of treated bednets
u2 The control on treatment of infected individuals
u3 The control on the use of insecticide spray
Table 2 Description of model parameters.
Model Parameters Description
λh natural birth rate of humans
λv natural birth rate of mosquitoes
µh natural death rate of humans
µv natural death rate of mosquitoes
a average daily biting rate on human by a single mosquito
b proportion of bites on human that produce an infection
δ death rate due to the disease
c probability that a mosquito becomes infectious
ν recovery rate of human hosts from the disease
γ rate of loss of immunity in human hosts
r rate at which human hosts acquire immunity
ρ rate constant due to treatment
η rate constant due to insecticide spray
A, d1, d2, d3 weight constants
It is important to mention that, rigorous proofs on the derivation of necessary con-
ditions for the optimality of various fractional dynamical systems can be found in
literature (see, e.g, Pooseh et al., 2014; Ding et al., 2012; Agrawal, 2004). Therefore
in this paper, using the ideas by the authors in (see, e.g, Agrawal, 2008a,b; Pooseh
et al., 2014; Ding et al., 2012; Agrawal, 2004), we state the necessary conditions
(12-14) for our optimization problem as follows:
c
0D
α
t X(t) = M(X,U, t) (12)
c
tD
α
b λ(t) =
∂W
∂X
+ λT
∂M
∂X
(13)
∂W
∂U
+ λT
∂M
∂U
= 0 (14)
and {
X(0) = Xo
λ(b) = 0
(15)
Fractional Order Optimal Control Model For Malaria Infection 7
where λ(t) = (λ1, λ2, λ3, λ4, λ5)
T is the co-state vector.
Now using the compact form of the necessary conditions stated above, we ob-
tain the optimality system for the fractional optimal control malaria model in an
expanded form as follows:
c
0D
α
t SH = λ
α
hNH − (1− u1)a
αbSHIV
NH
+ ναIH + γ
αRH − µαhSH ,
c
0D
α
t IH =
(1− u1)aαbSHIV
NH
− ναIH − (rα + ραu2)IH − δαIH − µαhIH ,
c
0D
α
t RH = (r
α + ραu2)IH − (γα + µαh)RH ,
c
0D
α
t SV = (1− u3)λαvNV − (1− u1)a
αcSV IH
NH
− µαvSV − ηαu3SV ,
c
0D
α
t IV =
(1− u1)aαcSV IH
NH
− µαv IV − ηαu3IV ,
(16)
c
tD
α
b λ1 = λ1
[
λαh −
(1− u1)(IH +RH)aαbIV
N2H
− µαh
]
+ λ2
[
(1− u1)(IH +RH)aαbIV
N2H
]
−(λ5 − λ4)
[
(1− u1))aαcSHIH
N2H
]
c
tD
α
b λ2 = A+ λ1
[
λαh +
(1− u1)aαbSHIV
N2H
+ να
]
− (λ4 − λ5)
[
(1− u1)(SH +RH)aαcSV
N2H
]
−λ2
[
(1− u1)aαbSHIV
N2H
+ να + (rα + ραu2) + δ
α + µαh
]
+ λ3 [r
α + ραu2]
c
tD
α
b λ3 = λ1
[
λαh +
(1− u1)aαbSHIV
N2H
+ γαh
]
− λ2
[
(1− u1)aαbSHIV
N2H
]
− λ3(γα + µαh)
−(λ5 − λ4)
[
(1− u1)aαcSV IH
N2H
]
c
tD
α
b λ4 = λ4
[
(1− u3)λαv + (1− u1)a
αcIH
NH
− µαv − ηαu3
]
+ λ5
[
(1− u1)aαcIH
NH
]
c
tD
α
b λ5 = (λ2 − λ1)
[
(1− u1)aαbSH
NH
]
+ λ4
[
(1− u3)λαv
]− λ5 [µαv + ηαu3]
(17)
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
u1 =
(λ2 − λ1)aαbSHIVNH + (λ5 − λ4)
aαcSV IH
NH
B1
u2 =
(λ2−λ3)rαo IH
B2
u3 =
λ4(λ
α
vNV+η
αSV )+λ5η
αIV
B3
(18)

SH(0) = SHO , IH(0) = IHO , RH(0) = RHO , SV (0) = SVO , IV (0) = IVO
λ1(b) = 0, λ2(b) = 0, λ3(b) = 0, λ4(b) = 0, λ5(b) = 0,
(19)
4 Numerical Simulations and Discussion
The book by Lenhart and Workman (2007) described the numerical solutions of
optimal control models for biological systems. In their work, they constructed the
forward-backward sweep algorithm with Runge-Kutta method to solve the opti-
mality system of biological models. In this work, the forward-backward algorithm
with the generalized euler method is applied to numerically compute the solutions
of the optimality system. The generalized euler method is one of the numerical
schemes for fractional order models and has recently been applied together with
the forward-backward algorithm in a TB model (Sweilam and Al-Mekhlafi, 2016).
The following initial conditions and model parameters values are used for the
numerical simulations: SH(0) = 800, IH(0) = 200, RH(0) = 20, SV (0) =
1000, IV (0) = 500, A = 100, d1 = 70, d2 = 130, d3 = 40, a = 0.29, b = 0.75, c =
0.75, r = 0.05 γ = 0.000017, ρ = 0.7, δ = 0.02, ν = 0.0022, λh = 0.0015875, λv =
0.071, µh = 0.00004, µv = 0.1429, η = 0.25 and α = 1, 0.99, 0.95, 0.90.
We considered the following optimal control strategies for our numerical illustra-
tions: Treated bednets control only (u1 6= 0, u2 = 0, u3 = 0), treatment control
only (u1 = 0, u2 6= 0, u3 = 0), insecticide spray control only (u1 = 0, u2 =
0, u3 6= 0), treated bednets and treatment controls (u1 6= 0, u2 6= 0, u3 = 0),
treated bednets and insecticide spray controls (u1 6= 0, u2 = 0, u3 6= 0), treatment
and insecticide spray controls (u1 = 0, u2 6= 0, u3 6= 0), and all the three controls
(u1 6= 0, u2 6= 0, u3 6= 0).
From the plots generated, it is clear that reduction of infected human and mosquito
populations occurs when α = 1 (integer order) with time dependent controls but
that of non-integer orders (α = 0.99, 0.95, 0.90) with time dependent controls are
much more significant.
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5 Conclusion
This work considered an optimal control epidemiological model for malaria infec-
tion formulated in the sense of Caputo derivatives. The optimality of the fractional
optimal control problem was solved using the forward-backward sweep method and
the generalized euler method. We have numerically shown that when any of the
time dependent controls or any combination of them are applied, the infected pop-
ulations for both human and mosquitoes are reduced. Furthermore, when all the
time dependent controls are used in the simulations, the reductions in the infected
populations are more than any other control and prevention strategies. Our nu-
merical solutions for the optimal control problem with fractional orders are much
better than the integer order.
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Fig. 1 Numerical solutions of infected human host with treated bednets control for α =
1, 0.99, 0.95, 0.90
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Fig. 2 Numerical solutions of infected human host with treatment control for α =
1, 0.99, 0.95, 0.90
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Fig. 3 Numerical solutions of infected human host with insecticide spray control for α =
1, 0.99, 0.95, 0.90
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Fig. 4 Numerical solutions of infected human host with treated bednets and treatment con-
trols for α = 1, 0.99, 0.95, 0.90
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Fig. 5 Numerical solutions of infected human host with treated bednets and insecticide spray
controls for α = 1, 0.99, 0.95, 0.90
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Fig. 6 Numerical solutions of infected human host with treatment and insecticide spray con-
trols for α = 1, 0.99, 0.95, 0.90
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Fig. 7 Numerical solutions of infected human host with all the three time dependent optimal
controls (treated bednets, treatment and insecticide spray) for α = 1, 0.99, 0.95, 0.90
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Fig. 8 Numerical solutions of infected mosquitoes with treated bednets control for α =
1, 0.99, 0.95, 0.90
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Fig. 9 Numerical solutions of infected mosquitoes with treatment control for α =
1, 0.99, 0.95, 0.90
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Fig. 10 Numerical solutions of infected mosquitoes with insecticide spray control for α =
1, 0.99, 0.95, 0.90
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Fig. 11 Numerical solutions of infected mosquitoes with treated bednets and treatment con-
trols for α = 1, 0.99, 0.95, 0.90
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Fig. 12 Numerical solutions of infected mosquitoes with treated bednets and insecticide spray
controls for α = 1, 0.99, 0.95, 0.90
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Fig. 13 Numerical solutions of infected mosquitoes with treatment and insecticide spray
controls for α = 1, 0.99, 0.95, 0.90
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Fig. 14 Numerical solutions of infected mosquitoes with all the three time dependent controls
(treated bednets, treatment and insecticide spray) for α = 1, 0.99, 0.95, 0.90
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Fig. 15 Optimal control function u1 for α = 1, 0.99, 0.95, 0.90
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Fig. 16 Optimal control function u2 for α = 1, 0.99, 0.95, 0.90
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Fig. 17 Optimal control function u3 for α = 1, 0.99, 0.95, 0.90
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Fig. 18 Optimal control functions u1, u2 and u3 for α = 1, 0.99, 0.95, 0.90
